Abstract. The displacement field near a tip of a finite crack, due to the diffraction of a wave on square lattice is studied. The finite section method, in the theory of Toeplitz operators on 2 , is invoked as the semi-infinite crack diffraction problem is shown equivalent to the inversion of a Toeplitz operator, a truncation of which appears in the finite crack diffraction problem for the same incident wave. The existence and uniqueness of the solution in 2 for the semi-infinite crack problem is established by an application of the well known Krein conditions. Continuum limit of the semiinfinite crack diffraction problem is established in a discrete Sobolev space; a graphical illustration of convergence in the relevant Sobolev norm is also included. A low frequency asymptotic approximation of the normalized shear force, in 'vertical' bonds ahead of the crack tip, recovers the classical crack tip singularity. Displacement of particles in the vicinity of the crack tip, a closed form expression of which is provided, is compared, graphically, with that obtained by a numerical solution of the diffraction problem on a finite grid. Graphical results are also included to demonstrate that the normalized shear force in 'horizontal' bonds, along the crack face, approaches the corresponding stress component in the continuum model at sufficiently low frequency. Numerical solutions indicate that the crack opening displacement of a semi-infinite crack approximates that of a finite crack of sufficiently large size, and at sufficiently high frequency of incident wave, away from the neighborhood of the other crack tip, while it differs significantly for low frequencies, as a result of multiple scattering due to the two crack tips.
0. Introduction. It is well known that waves propagate in an elastic solid in the presence of time-dependent external forces. Further, upon interaction with obstacles in the solid, these waves are scattered [50, 2] and the resultant stresses in the vicinity of obstacles such as holes, notches, grooves, edges, cracks, etc, differ from their static or steady values [36] . Several decades ago, the diffraction of a SH (horizontally polarized shear) wave by a semi-infinite crack was treated in [54] . The mathematically equivalent problem in electromagnetic waves was thoroughly investigated even much earlier [39, 40, 23, 24] ; the solution in parabolic coordinates [16, 29] and in polar coordinates [50] appeared a century ago. In the context of the elastic continuum model, the problem of SH wave diffraction by a finite crack has been solved in [5] with emphasis at low frequencies and at large distances from the crack. Indeed, there exist colossal number of research publications in this class of problems addressing several interesting issues; their review is not attempted here. It is noted that the dynamic overshoot during the deformation of a body under a suddenly applied load is studied in [47] using a square lattice model. The present paper expounds an analysis of such dynamic effects in the presence of a time harmonic SH wave excitation; keeping the emphasis on the analysis of the near-tip field.
The two-dimensional problem of diffraction of wave on a square lattice near a tip of a finite crack of size N, marked by the presence of another crack tip, is investigated. The spatial discretization of the continuum model using 5-point scheme also results in the same discrete model [13] ; a model that has been used extensively during the last five decades and in various mechanical contexts (see, for example, [32, 33, 49] ). Using a discrete analogue of the (boundary) integral equation formulation of the continuous Sommerfeld problems [31, 14, 8] , it is found that a formal solution of the finite crack diffraction problem in 2 involves the inversion of a N × N Toeplitz matrix, entries of which involve the square lattice Green's function. It is shown that the semi-infinite crack diffraction problem [43] is equivalent to the inversion of a Toeplitz operator on 2 , a finite section of which appears in the finite crack diffraction problem. Using the well known Krein conditions [28, 19] , it is proved for the dissipative case that the solution of the semi-infinite crack diffraction problem exists in 2 and is unique. As one of its main results, the paper provides an instance of a successful application of the finite section method (also called the reduction or projection method) in the theory of Toeplitz operators on 2 [28, 11, 19, 7] . It is shown that under certain conditions the displacement field scattered by a finite crack for large N is approximated by that due to a semi-infinite crack [43] , as intuitively anticipated. The subtle technical issue associated with a possible exponential increase of input data along the crack is overlooked in this paper; see the section on obtuse incidence in [46] for its detailed analysis in an analogous context. It is emphasized that the results, obtained in this paper for the semi-infinite crack diffraction problem on square lattice, reduce at low frequency to their counterparts for the continuum model reported in [54, 37] . A rigorous continuum limit is provided, using the discrete Sobolev spaces [20] , where it is shown that the exact solution of the discrete Wiener-Hopf equation [43] converges to its continuous counterpart [37] .
In addition to the rigorous results, the paper contains a multitude of graphical illustrations and closed form expressions. Using the integral expression for the exact solution of the semi-infinite crack problem, obtained recently in [43] , the closed form expression for displacement on the lattice row along the semi-infinite crack is provided. The same is matched by the numerical evaluation of the exact integral expression [43] as well as the numerical solution of the diffraction problem on a finite grid for a few lattice sites in the vicinity of the crack tip. An explicit low frequency asymptotic result shows that the normalized force in 'vertical' bonds embodies the classical crack tip singularity. A graphical (numerical) illustration of the continuum limit, showing convergence in the relevant Sobolev norm, is also provided. On the same lines, several numerical illustrations have been included to demonstrate the finite section approximation and some of its peculiar features. 0.1. Outline. A preliminary description of the square lattice model, with a finite crack and the incident wave, is followed by a formal solution of the discrete Helmholtz equation, in terms of the crack opening displacement and the square lattice Green's function. After motivating the case of semi-infinite crack, a close link between the Toeplitz matrix for the finite crack problem and the discrete Wiener-Hopf kernel for the semi-infinite crack is discovered. The application of Krein conditions ensures the existence and uniqueness of the solution for the semi-infinite crack problem, while the application of the finite section method establishes the relation between the finite crack problem and the semi-infinite crack problem. The near-tip field for finite crack is, eventually, provided by analyzing further the exact solution for semi-infinite crack. The continuum limit of the exact solution for the semi-infinite crack is established; the well known crack tip singularity is recovered. Several graphical illustrations of the main results and closed form expressions are included in the section on numerical results. Concluding remarks appear at the end, while some additional expressions and definitions are contained in four appendices. a c c e p t e d m a n u s c r i p t 0.2. Notation. Let Z denote the set of integers, Z 2 denote Z × Z, Z + the set of all non-negative integers and Z − denote the set of all negative integers. Let R denote the set of real numbers, C denote the set of complex numbers. The real part, z, of a complex number z ∈ C is denoted by z 1 ∈ R and its imaginary part, z, is denoted by z 2 ∈ R (so that z = z 1 + iz 2 ). |z| denotes the modulus for z ∈ C. Let 2 denote square summable (complex valued) sequences on Z − . The discrete Fourier transform of a sequence {u m } m∈Z is denoted by u F and defined by
The continuous Fourier transform of a suitable function f on R is also denoted by the same notation and defined by f F (ξ) :=
The symbol T denotes the unit circle (as a counterclockwise contour) in complex plane. The symbol z is exclusively used throughout as a complex variable for the discrete Fourier transform. The discrete Fourier transform of u defined on the lattice Z 2 is denoted by u F F and defined by u
The letter H stands for the Heaviside function: H (m) = 0, m < 0 and H (m) = 1, m ≥ 0. The square root function, √ ·, has the usual branch cut in the complex plane running from −∞ to 0. The notation for other relevant physical and mathematical entities is described in the main text. An incident wave is also shown, schematically. The intact lattice is shown as solid black dots and the particles located at the crack boundary Σ are shown as solid white dots. For N = ∞, the crack is considered semi-infinite.
1. Lattice model. In this section the square lattice model (after suitable scaling as discussed by [43] ) is briefly described. Consider an infinite two-dimensional square lattice S of identical particles of unit mass which are allowed to move in antiplane direction. Let the displacement of a particle in S, indexed by its lattice coordinates (x, y) ∈ Z 2 , be denoted by u x,y ∈ C. Each particle in S is assumed to interact with its four nearest neighbors in S by linearly elastic identical (massless) bonds with a shear spring constant 1/b 2 . The equilibrium length of each bond is b (see Fig. 1.1 ). Assume that a finite crack with N broken bonds (N ∈ Z, N > 0) is distributed between y = 0 and y = −1 in square lattice S, as shown in Fig. 1.1 . Let Σ denote the set of all lattice sites that index those particles in S lacking atleast one nearest-neighbor-bond. For the finite crack in square lattice model shown in Fig. 1 .1,
a c c e p t e d m a n u s c r i p t
The equation of motion of the intact portion of lattice is expressed as
is also called the discrete (5-point) Laplacian [13] . The equation of motion for particles on the crack face Σ is analogous to (1.2a). The main interest, in this paper, concerns the waves that are scattered by the crack in the presence of an incident wave at frequencies that are supported in the intact lattice; belonging to the so called pass band. The scattered waves decay rapidly away from the crack.
1.1. Incident lattice wave. Suppose u i describes the incident lattice wave with frequency ω and a lattice wave vector (κ x , κ y ), i.e.,
where A ∈ C is constant. Let ω, referred to as the lattice frequency in this paper, be defined by ω := b ω . Due to (1.2a), ω, κ x , and κ y satisfy the dispersion relation,
As discussed by [43] , the lattice frequency of the incident lattice wave, u i , is considered as a complex number with positive imaginary part ω 2 , i.e.,
(1.5)
Following [43] , the phrase -'zero' damping -denotes ω 2 1 (but ω 2 = 0). In such case, (1.5) is also written as ω = ω 1 +i0, where it is assumed that ω 1 = b ω lies in [0, 2 √ 2] \ S e , where S e = {0, 2, 2 √ 2}. With an abuse of notation, ω is identified with ω 1 and convenient statements, such as ω ∈ (0, 2) or ω ∈ (0, 2 √ 2), repeatedly occur in the rest of this paper. Let, κ, the lattice wave number of the incident lattice wave u i , and, Θ ∈ (−π, π], the angle of incidence of u i be defined by the relations
2. Discrete Helmholtz equation. The total displacement u t of an arbitrary particle in the lattice S is a sum of the incident wave displacement u i and the scattered wave displacement u s (which includes the reflected wave). Henceforth, the letter u is used in place of u s so that
Let the force, in the 'vertical' bonds connecting the particles at y = 0 and y = −1, ahead of the crack, be defined by
By its definition (2.2), the force on particle at (x, 0) ∈ Z 2 , x / ∈ {−1, . . . , −N}, due to the vertical bond with (x, −1), is v t x ; which also implies that the force at (x, −1) due a c c e p t e d m a n u s c r i p t to the same bond is −v t x . The assumption of broken bonds across the crack face Σ translates into the condition that the force due to interaction between the crack faces is zero, i.e.,
Taking into account the broken bonds between y = 0 and y = −1 for x ∈ {−1, . . . , −N}, by adding and subtracting the contribution due to the vertical bonds, it is found that the total displacement u t satisfies the discrete Helmholtz equation
The finite nature of the crack is manifest in the definition (2.3), since (2.2) implies the right hand side of (2.4) is zero outside the crack faces. Let the difference of the scattered displacements u x,0 and u x,−1 be denoted by
In analogy with (2.2), a part of the force (2.2) occurs due to the scattered displacement of particle at (x, 0) ∈ Z 2 , x / ∈ {−1, . . . , −N}; this is given by
Let the difference of the incident wave displacements at (x, 0) ∈ Z 2 , and (
x can be interpreted as an external force on particle at (x, 0) ∈ Z 2 , x ∈ Z. Thus, the complete equation satisfied by the scattered displacement u, everywhere in the lattice Z 2 , is
where δ i,j is the Kronecker delta (= 1 if i = j and 0 otherwise). In the subject of fracture mechanics, the relative movement of the crack faces is called the crack opening displacement. The crack opening displacement varies as a function of position along the crack, and it is zero at the crack tip. Indeed, the difference between the total displacement u t x,0 and u
, for x ∈ {−1, −2, . . . , −N} can be recognized as an analogue of the crack opening displacement for the discrete model. In this paper, v x is also addressed as the scattered component of the crack opening displacement at (x, 0) ∈ Z 2 . The crack opening displacement parameter was, originally, proposed to provide a more physical explanation for crack extension processes and characterizing the stress-strain field ahead of the crack tip [56, 10] as it is used to define the crack tip opening displacement. Typically in the problems of fracture mechanics, it is twice the value of displacement at one of the crack faces; the scattered component of the crack opening displacement, in the above discrete diffraction problem, shares the same property.
2.1. Description of the solution. The difference equation (2.6) on Z 2 has a unique solution in 2 (Z 2 ) since the right hand side is finitely (compactly) supported. In fact the finite support is crucial for the case ω 2 = 0, interpreted as a limit ω 2 → 0 (see [41] ). Post the discussion below, it turns out that the finite crack diffraction problem is equivalent to that of inverting a finite dimensional Toeplitz operator.
The behaviour of a lattice with a single-point defect, or point source, can be described by the lattice Green's function. Such a Green's function for the twodimensional square lattice has been systematically studied (see [34, 27, 58, 15] ). In a c c e p t e d m a n u s c r i p t [34] the Green's function was analysed for frequencies within the pass band and the corresponding asymptotics at infinity were also obtained. The expressions derived by [34] and [27] have been used in this paper for the specific nature of defect.
Assume that u ∈ 2 (Z 2 ). By means of the two-dimensional discrete Fourier transform of u, the discrete Helmoltz equation (2.6) is written as
(2.7) is marked by the presence of the dispersion relation for the intact lattice (1.4b). Inverting the transform yields the discrete field
where G is the Green's function for the square lattice [15, 34, 58] , given by
G is also called the shifted Green's function for ω 2 > 0 and is chosen as the outgoing Green's function for ω 2 = 0 [41] . Given the crack opening displacement {v t l } l=−1,...,−N , (2.8) provides a unique solution of (2.6) for dissipative case ω 2 > 0. Same holds for the non-dissipative case ω 2 = 0, if it is interpreted as a limit ω 2 → 0 using the result of [41] , modulo the replacement of 2 (Z 2 ) by another space due to some technical issues. However, a discussion of the latter lies outside the scope of the present paper and it is assumed throughout that ω 2 > 0 (but allowing ω 2 1). In the context of these statements, also recall that the set S e , of exceptional frequencies, has been excluded from consideration in this paper. The only problem that remains is the solution for {v l } l=−1,...,−N .
Using the properties of G [34] , it can be shown that the u in (2.8) is skew symmetric in y about y = − 1 2 , i.e., u x,−y−1 = −u x,y , y ≥ 0, x ∈ Z, holds. Consequently, v x = 2u x,0 , x ∈ Z. In particular, the scattered component {v l } l=−1,...,−N of the crack opening displacement is twice the value of displacement of upper crack face. Substituting (2.8) in (2.5), and choosing y = 0 yields a system of equations of the form, 
. . . . . .
Note that F N is a symmetric and Toeplitz matrix. Since ω lies in the pass band (excluding S e ), i.e. the absolutely continuous spectrum, due to absence of any embedded eigenvalue in [0, 2 √ 2] \ S e for square lattice with a finite crack [22, 4] , it follows that
For a small value of N, a closed form solution for v can be found using certain analytical expressions of Lattice Green's function [27, 34] . But for realistic case of finite crack with N 1, the exact calculation of near-tip field based on (2.13) appears needlessly revolute. As a simplifying strategy, it can be anticipated that the limiting case of a semi-infinite crack is more amenable to analysis and provides a good approximation of the solution for finite crack with large N.
Semi-infinite crack in S.
A semi-infinite crack is assumed to exist between y = 0 and y = −1 for all x ∈ Z − , modeled by the absence of bonds, as shown in Fig. 1 .1 but with N = ∞. For the semi-infinite crack in square lattice model, indeed, Σ = {(x, y) ∈ Z 2 : x < 0, y = 0 or − 1} in the context of (1.1). The equation of motion for the intact part of lattice is (1.2a). Similar to (2.2), the force, in the 'vertical' bonds connecting the particles at y = 0 and y = −1, in front of the crack, is defined by v
The assumption of broken bonds across the crack face Σ is equivalent to the condition that v t x := 0, x ∈ Z − . After striking the semi-infinite crack, the incident plane wave u i is scattered into the non-planar scattered waves. The total displacement u t satisfies the discrete Helmholtz equation (2.4). The scattered displacement field u can be constructed by the discrete Wiener-Hopf method [57, 26, 18, 38] as described by [43] . Rigorous argument is provided below for the existence and uniqueness of the solution for the semi-infinite crack problem when ω 2 > 0, and supporting the approximation, discussed in previous paragraph, for the finite crack diffraction problem. Indeed, a closed form solution of the semi-infinite crack diffraction problem is possible near the tip by further excavation of the exact solution presented in [43] as described in the section next to the one following.
3. Existence and uniqueness in 2 (Z 2 ). In this section it is shown that the semi-infinite crack diffraction problem is equivalent to that of inverting a Toeplitz operator on 2 [28, 11] , alternatively described as a discrete Wiener-Hopf operator [7] . Thereby the existence and uniqueness of the exact solution, stated as (2.33) in [43] , in 2 (Z 2 ), for ω 2 > 0, are established from the invertibility of the Toeplitz operator based on the conditions due to M. G. Krein [28] .
Assume that u ∈ 2 (Z 2 ). Consider the two-dimensional discrete Fourier transform of u in the same manner as described in the case of finite crack. The discrete Helmoltz equation (2.6) transforms into (2.7), and, upon inverting the transform, the scattered displacement is given by (2.8) for N = ∞. Assuming that the crack opening displacement
a c c e p t e d m a n u s c r i p t is given, (2.8) for N = ∞ is the unique solution of (2.6) for dissipative case ω 2 > 0. Thus, the problem reduces to obtaining a solution for v (∞) . Note that, similar to the case of finite crack, u x,−y−1 = −u x,y , y ≥ 0, x ∈ Z, holds and, therefore, v x = 2u x,0 , x ∈ Z. Using (2.8) in (2.5) for N = ∞, an infinite system of equations of the form (2.10a) is obtained as
where c j and b j satisfy (2.10b) for all j ∈ Z − and N = ∞. It is clear that (3.2) is an equation involving a Toeplitz operator [7] on 2 , the latter being the set containing the scattered component v (∞) of the crack opening displacement. Using the benefit of hindsight, taking advantage of some manipulations and the definitions stated in a recent paper [43] , the symbol of this Toeplitz operator is determined in a closed form. By the Cauchy's residue theorem, for any j ∈ Z, it is found that, formally,
where L is given by (2.12) in [43] (see Appendix B for a brief). Even in the case
Hence, it is concluded that the series coefficients c j , indeed, are the Fourier coefficients of L . In
More importantly, for ω 2 > 0, the following lemma holds.
Lemma 3.1. L does not vanish on T.
Proof. By the definition (2.12) in [43] , L 2 is a rational function equal to H /R (see Appendix B), where both H and R have a single zero inside the unit disk in complex plane. Hence, the statement holds directly.
Let T (a) denote the Toeplitz operator on 2 with the symbol a. The system of equations (3.2) is expressed as
where v (∞) is given by (3.1). It is a well known theorem of I. Gohberg and M. G. Krein [19, 7] that when a is a continuous function on T, T (a) is a Fredholm operator if, and only if, a never vanishes and in this case, ind T (a) = −wn(a), where ind T (a) is the Fredholm index of T (a) and wn(a) is the winding number (also called the index) of a around the origin in C. In particular, for continuous a, T (a) is invertible if and only if a does not vanish on T and ind a = 0. In this context, the following lemma holds.
Proof. Again by the definition (2.12) in [43] , L 2 is a rational function equal to H /R , where both H and R have a single zero inside the unit disk in complex plane. Hence, the statement follows from the property of the index [7] 
Thus, the image curve L (T) has its winding number zero around origin, which implies the Fredholm index of T (L ) is also zero. Both conditions satisfied by L , stated in Lemma 3.1 and Lemma 3.2, occupy a distinguished status in the theory of Toeplitz operators [28] . The invertibility of T (L ) follows from the Lemma 3.1 and the Lemma 3.2 and it is summarized as a c c e p t e d m a n u s c r i p t
Let P N be the projection on 2 such that
The system of equations (2.10) is expressed as
In this sense, the replacement of (3.2) by (2.10) provides an instance of the application of an approximation method called the finite section method [7] . Following [7] , suppose Π( 2 ; P N ) denotes the Toeplitz operators on 2 for which the finite section method is successful. Then T (a) ∈ Π( 2 ; P N ) if and only if T (a) is invertible on 2 , if the matrices T N (a) are invertible for all sufficiently large N, and if T −1
Since L is continuous for ω 2 > 0, using a classical result of Gohberg and Feldman [19] that if a is continuous and T (a) is invertible then T (a) ∈ Π( 2 ; P N ). The following theorem holds.
are invertible for large N, say N ≥ N * for some N * > 0, and
For a more general class of symbols a, the issues involved in the validity of finite section based argument are subtle [55, 7] , since there exist invertible Toeplitz operators on 2 to which the finite section method is not applicable. In view of the arguments and discussion ensuing (2.12) (see (2.13)), it is clear that N * = 1 in this paper.
Theorem 3.4 is the precise description of the relation between the finite crack problem, as stated and formally solved above (2.13), with the semi-infinite crack problem discussed in this section. In particular, when Θ ∈ (0, 1 2 π), since κ x > 0, it establishes that the crack opening displacement of the finite crack problem approximates that of the semi-infinite crack problem in 2 for large enough N. In the case of an incident time harmonic wave (1.3), v
and, therefore, there exists a unique solution for v (∞) in 2 . This implies that there is a unique solution to the scattered wave problem for u in 2 (Z 2 ). In light of Theorem 3.3 and discussion preceding it, the following holds.
Corollary 3.5. For ω 2 > 0 and N = ∞, there exists a unique u ∈ 2 (Z 2 ) that solves the discrete Helmholtz equation (2.6). Naturally, the solution described in the above corollary coincides with that stated as (2.33) in [43] . By virtue of the Theorem 3.4 and statements so far, the following holds.
Corollary 3.6. For ω 2 > 0 and N ∈ Z + , N < ∞, there exists a unique u ∈ 2 (Z 2 ) that solves the discrete Helmholtz equation (2.6) and
2) exhibits exponentially increasing behavior when Θ ∈ [ 1 2 π, π), weighted spaces, defined by 2,w = {{f j } j∈Z − :
< ∞} where w ∈ R, are used in place of 2 . The intricate details involved in the application of weighted 2 space to the crack diffraction problem are exactly the same as those described in a c c e p t e d m a n u s c r i p t [46] for the constraint diffraction problem, hence, they are not repeated in this paper. The existence and uniqueness in 2,w (Z 2 ) of the solution of Sommerfeld problems on the square lattice thus follows, where 2,w (Z 2 ) = {u : x,y∈Z |u x,y | 2 e −2w x < ∞}. At this point, it is worth noting that the existence and uniqueness on (possibly weighted) 2 , or other spaces similar to those defined in [41] , without the assumption of dissipation, i.e., ω 2 = 0, are also interesting aspects of the problem (above statements and proofs for ω 2 > 0 break down for this case). However, the technical issues involved for ω 2 = 0 are not yet resolved, completely, by the author of this document. On a positive note, using the p theory of Toeplitz operators [7] , an extension of the results in this section to the general p spaces is natural, although it is not elaborated here.
4. Near-tip field. The displacement of particles near a crack tip, due to the diffraction of a time harmonic wave incident on the square lattice S discussed thus far (see Fig. 1.1) , is analyzed here. For example, the sites labelled (i)-(vi) in Fig.  5.1(d) lie in the vicinity of the crack tip and are, therefore, a part of the description of the near-tip field.
As a consequence of J ≡ 0 according to (2.30) in [43] , the solution of the discrete Wiener-Hopf equation (2.28a) in [43] , written in terms of the one-sided discrete Fourier transforms, is 
In general, the coefficients can be determined [25] using the relations prescribed in Appendix A of [43] . Alternatively, using the binomial series,
. . , |x| < 1, where (r) l = Γ(r + l)/Γ(r) and Γ represents the Gamma function [1] , the coefficients in the series (4.2a) are given by
In a manner similar to the derivation of (4.2c), it is also found that, in general,
4.2. Closed form solution at y = 0, ±1, . . . . In lattice coordinates, the solution (4.1) unfolds as a discrete convolution [25] . In particular, u is expressed in a closed form (finite series) at y = 0, −1. Thus, u is explicitly determined on the semi-infinite lattice rows on crack face Σ in the illuminous (upper) and the shadow (lower) region, as well as their complementing halves ahead of the crack tip.
Indeed, by (4.1a), (2.29) in [43] (included also as (B.2) in Appendix B of this paper) and the series representation (4.2a) for L + , using the definition u + (z) = +∞ x=0 u x,0 z − x = u 0;+ (z) = −u −1;+ (z), it is found that
In the above equation and the following statements, z P := e −i κx . Similarly, by (4.1b), (2.29) in [43] , using u − (z) = u 0;− (z)− = u −1;− (z), the series representation (4.3b) for L −1 − , it is found that
The total displacement at y = 0 behind the crack tip is u
P , and at y = −1 it is given by u
i κy . Therefore, the crack opening displacement, i.e., the total displacement difference between y = 0 and y = −1 behind the crack tip, is
Using the discrete Helmholtz equation in the intact portion of the lattice (2.6), the expressions for u x,1 , u x,2 , . . . , and therefore u x,−2 , u x,−3 , . . . , for x ∈ Z can be found. For example, using − ω 2 u x,y = u x +1,y + u x −1,y + u x,y+1 + u x,y−1 − 4u x,y , and skew symmetry of u, at y = 0, x ≥ 1,
Similarly, at y = 0, x ≥ 1, by using − ω
In an iterative manner, u x,y , (x, y) ∈ Z 2 , y ≥ 0, can be obtained and by skew symmetry u x,−y as well. a c c e p t e d m a n u s c r i p t 4.3. Continuum limit. Following [43] , let L denote a macroscopic length scale in the diffraction problem and the ratio b/L be denoted by a parameter . As L increases (relative to b), as expected, the 'macroscopic' behavior is captured by the continuum limit [6, 9] , that is → 0. Due to the nature of the diffraction problem, the limit → 0 is also the same as the low frequency approximation, ω 1. It is easy to see that in this approximation the discrete Helmholtz equation can be replaced by the usual Helmholtz equation. The solution also asymptotically approaches the continuum solution (stated in Appendix A), as discussed in [43] . In which function-analytic sense does the discrete Wiener-Hopf based solution converge to the continuum solution (based on continuous Wiener-Hopf [37] )? that is the question which is investigated below for an answer.
Following [43] , to avoid notational complications, let L denote unit length and b be replaced by . Let
where (x , y) are the macroscopic coordinates for (x, y). Note that u is same as u in this paper and the additional decoration has been placed to emphasize its explicit dependence on . The continuum limit is simply denoted by u. In terms of the macroscopic coordinates (4.10), the incident lattice wave (1.3) is
It is natural to call (k x , k y ) the macroscopic wave vector of u i . Thus, in the continuum limit, the incident waves, u i and u i , in discrete and continuous models, respectively, have a correspondence with each other as → 0. The relationship between the continuous and the discrete Wiener-Hopf equations, for the Sommerfeld problem with crack, is discussed in the following. The superscript notation has been relaxed for dependence of κ x , κ y , and ω.
The Wiener-Hopf equation for Neumann boundary condition, which A. Sommerfeld [50, 51] investigated, is rewritten as
See [37] ( §2.4), for example. In above equations, (4.12b) uses the free space Green's function [37] , for the Helmholtz equation, G :
is a Hankel function of the first kind [1] . In the terminology of Sobolev spaces [3] of order 1 and ± 1 2 , which are naturally involved due to the energy norm and the trace theorem [52] , the integral operator K : H
is bijective and continuous (for example, see [53] ). a c c e p t e d m a n u s c r i p t
The discrete Wiener-Hopf equation (3.2) is rewritten as
13c)
The expanded form of (4.13a) is (
Note that c is same as that defined by (2.10b), while the additional decoration emphasizes its explicit dependence on . The same holds for the other entities that are associated with the discrete model; suppressed at other places for the convenience of notation.
Using L in (2.12) in [43] , (3.3),
as → 0, with z = e −i ξ , ξ = ξ. Note that the Fourier transform of the convolution kernel k , using the Fourier transform of Green's function G in (4.12b), is given by
Also note that the last term in (4.13d), − 1 2
The particular choice of placement of and its exponents becomes justified below. The definitions stated in [20] are used to provide an operator theoretic formulation of (4.13a) similar to the continuum model. See Appendix D for the details on the discrete Sobolev spaces [20] .
Since max ξ∈I |( in (4.13d). To formulate the continuum limit, an identification is required between the continuous and the discrete formulation. This is done by a suitable definition of the prolongation and the restriction operators. Let R :
denote the restriction operator. For example, using (4.12d), (R f ) x = f (x ), x ∈ Z − ; a detailed measure-theoretic definition is avoided for simplicity. Similar to Lemma 4.2, it can be shown that Lemma 4.3.
< C , where f is given by (4.13d) and f is given by (4.12d).
For any s ∈ R and a positive , the discrete Sobolev space H s is equivalent to 2 (Z). Hence, for any positive , the operator K :
, defined by (4.13a) and (4.13), is bijective and continuous for the discrete Sommerfeld problem. Thus, K < ∞ and K < ∞ where · refers to the corresponding operator norm. For any u , the pairing K u , v defines a bounded sesquilinear form [30] on H + ). It remains to see whether it is H + 1 2 -elliptic. Indeed, 15) a c c e p t e d m a n u s c r i p t where α is defined by the condition, (k ) F (ξ) ≥ α, ξ ∈ I. In fact, by the choice of branch cuts for L in [43] it follows that α = ω −1 2 , and, indeed, it is independent of . Naturally, as a consequence of Lax-Milgram theorem [30] , K is invertible as → 0. → 0 as → 0, where x is the solution of (4.13a) and x is the solution of (4.12a).
Theorem 4.4 is the precise description of the relation between the continuous and the discrete Sommerfeld problems, associated with the diffraction due to the semiinfinite crack in continuous and discrete formulations, respectively. In particular, it is established that the displacement of particles in the discrete formulation approximates that of the continuous formulation in a discrete Sobolev space for small ε.
A sketch of the proof of Theorem 4.4 is presented in this paragraph. The detailed statements and rigorous arguments appear in [42] , a part of which is already included in the foregoing text; in particular the definitions and statements after (4.13). Suppose that P :
(R) is chosen as the suitably defined prolongation operator, which acts in a direction opposite to R . Thus, P R is an approximation of the identity operator on H
, term by term, using k = k ns + k sing , as the decomposition of k into non-singular and singular part such that the support of k sing is S ⊂ R (0 ∈ S) (which can be made as small as desired), the 'error' estimates are controlled by . Since the kernel k is hypersingular, some extra care is needed in the manipulations involved in the detailed proof.
Crack tip behavior.
In order to demonstrate the crack tip singularity associated with the low frequency approximation, it is sufficient to consider one case of bond extension and study the behavior with respect to distance from the crack tip for ω 1 along the semi-infinite lattice row complementary to crack. In the limit as → 0, the two zeros of h (see Appendix B), i.e., e ±iξ h , are such that ξ h = ω. Also, as → 0, similar to the case of h, the two zeros r are e ±iξ r ∼ 3 ∓ 2 √ 2 or ξ r = ik r * , k r * ∼ 1.76. For more details, see [43] .
The continuum limit of −1 v t x , where v t x is given by (C.1), is recognized as the 'shear strain' ε yz in linear elasticity [2] . In general, for x ∈ Z + , after some elementary calculations, it can be shown that the 'shear strain' of the xth bond ahead of the crack is
For comparison with the results in [54] , the shear stress τ yz = µε yz is considered and the recognition of the known singular behavior is immediate. Using the notation of [54] , let τ 0 = i k µA. By (4.16), for x > 0, as → 0 it can be shown that
In the calculations leading to (4.17), the value of e − 1 4 kr * is treated as "small" and lim n→∞ Γ(n + α)/(Γ(n)n α ) = 1, α ∈ R, is used for obtaining the asymptotic approximation. Note that C low = 0.91... ≈ 1 where the departure of C low from 1 can be attributed to a coarse truncation of an infinite sum. The x-y axes in [54] are in opposite direction to that used in this paper, so the shear stress τ yz (x, 0) also has the a c c e p t e d m a n u s c r i p t opposite sign in comparison to that stated in [54] . Singularity of the type exhibited by (4.17) in the solution of the half-plane diffraction problems is a classical result [21] ; evidently directly established in this paper without additional assumptions.
Numerical results.
An illustration of the numerical solution of the discrete diffraction problem (2.6), based on the scheme summarized in Appendix D of [43] is shown in Fig. 5.1(a)-(c) . It is observed that the scattered wave (as shown by the real part depicted in the plots) exhibits the expected skew symmetry about the crack faces located at y = 0, −1 (or y = − (see Fig. 5.1(b) and (c) for ω = 1.5, 2.3, respectively, as an example). The issue of critical 'observation' angle θ, depending on 'incidence' angle Θ, corresponding to the coalescence of saddle and pole of the diffraction integral has been discussed in [43] (see Theorem 3.4 and Fig. 5.1 , for example) in the context of far field approximation; consequently, it is not repeated here.
5.1. Near-tip field. For explicit results, consider the lattice sites in a neighborhood of the crack tip as marked in Fig. 5.1(d) . The scattered displacement, after a c c e p t e d m a n u s c r i p t further simplification of the expressions stated above, for the lattice sites (i)-(vi), as shown in Fig. 5.2 near the crack tip, are matched by the numerical evaluation of the analytical integral expression (2.33) in [43] , as well as the numerical solution of the diffraction problem (2.6). See Figs. 5.2-5.3 for plots comparing the three approaches for the choice of lattice frequency ω as stated in the captions. Note that the numerical range on vertical axes varies with the plots. Except for the deviation of the numerical solution on finite grid (described in Appendix of [43] ) as well as the numerical evaluation of the integral (2.33) in [43] , for the wave incidence along the crack, both approaches coincide with the analytical expressions provided above. The scheme used for the numerical solution of the discrete Helmholtz problem (2.6) is explained in Appendix D of [43] .
Continuum limit. A numerical evaluation of the relative 'error' norm
in the discrete Sobolev space indicated by the subscript, with respect to , is considered after a truncation of the infinite sum j∈Z − by
j=− X/ , with X sufficiently large. This is shown in Fig. 5.4 with a choice X = 76, ω = 1, and using the exact solutions of the discrete Sommerfeld problem and the continuous Sommerfeld problem. The dots in Fig. 5 .4 correspond to the numerical values for certain choices of and are connected by line segments for visual convenience. The plot on the right highlights the convergence with respect to , by expanding a portion of the plots on the left. The numerical results provide a graphical illustration of Theorem 4.4, the 'error' e( ) goes to zero as → 0. As observed in §7.1 of [46] in the context of its Fig. 9 , here also Fig. 5.4 shows that the departure of the discrete model from the continuum limit, i.e., low frequency approximation, depends on the angle of incidence.
Following [54] , a comparison between the normalized force in 'horizontal' bonds, along upper and lower crack faces, and normalized shear stress in the continuum model, is graphically illustrated for several values of frequency. Figs. 5.5-5.6 display the normalized shear-stress variation, |σ xz |, (σ xz = 1 τ0 τ xz (x, 0)) along the top (shadow) and bottom (illuminous) sides of the crack, respectively. For the square lattice, the discrete analogue of τ xz = µε xz is µ 
, versus normalized wave number or normalized distance along a crack for various incident angles, Θ. The discrete model corresponds to gray curves with whiteness proportional to ω ∈ {0.1, 0.2, . . . , 1.8, 1.9, 1.95}. The exact continuum solution [54] is shown as black curve. The wavy curves correspond to illuminous (y = 0 for the discrete model) and monotone curves to shadow (y = −1 for the discrete model) regions. Inset shows an enlarged portion of the stress, and its discrete equivalent, as indicated. A = 1 in all plots. model with Θ = π/12 and π/3 in Fig. 5 .5 and Θ = π/2 and 2π/3 in Fig. 5.6 ). However the scaling is not the same as that chosen by [54] , since they use a parabolic coordinate for horizontal axis. From these curves the magnitude of the discontinuity in 'shear stress' across the crack can be calculated. The results for Θ = 0 are not shown because in this case the incident wave itself, e −i k x , produces no shear forces across the crack faces and hence it is not diffracted on the square lattice. However, an interference ripple pattern occurs along the upper crack face except at vertical incidence as expected. At sufficiently large frequency in pass band, as a consequence of discreteness and anisotropy, the square lattice model deviates from the continuum model, with an additional dependence on the angle of incidence of the wave.
5.3.
Comparison of the crack opening displacement of semi-infinite crack with finite crack. As a numerical demonstration of the rigorous results established earlier that the crack opening displacement of the finite crack problem approaches that of the semi-infinite crack problem in 2 for large enough N, a comparison between the two is shown in Fig. 5.7 . Note that the numerical range on vertical axes varies with the plots. The finite crack problem has been solved numerically; the a c c e p t e d m a n u s c r i p t ds to gray curves with whiteness proportional to ω = 0.1 he discrete model corresponds to gray curves with whiteness proportional to ω= 1.95 s to gray curves with whiteness proportional to ω = 0.1 he discrete model corresponds to gray curves with whiteness proportional to ω = 1.95 asymptotic approximation of Green's function [34, 27, 58, 15] has been also employed for efficient computation.
In Fig. 5.7 , three values of frequency ω and four values of the incidence angle Θ are chosen for this purpose, as indicated in the plots, and the length N of finite crack is taken 5, 10, 15, . . . , 40. In Fig. 5.8 , ω incrementally varies, as indicated in the plots between 0.4 and 2.3, and the incidence angle Θ is chosen to be 51 deg; the length N of finite crack is taken 4, 8, . . . , 40. Note that for small values of frequency, due to the interference with waves diffracted from the other tip, the exact expression for semi-infinite crack in lattice differs from that for finite crack in the same lattice. At sufficiently large frequency, say ω > ω F S , in pass band, both coincide, except at lattice sites close to the other tip of finite crack, as visually captured by attending to the curve with the darkest shade and comparing with the black curve in each plot of Figs. 5.8 (as well as Fig. 5.7) . A rigorous estimate of the lower bound frequency ω F S , an open problem arising in this paper, is deemed to rely on a combination of high frequency asymptotic approximation, along with the finite section approximation; clearly, an attempt towards resolving the bound is not included in this paper. Numerical results such as those presented in Fig. 5 .8, however, point towards an acceptable lower bound close to 1, and less than 2. An indication of the fact that the near-tip field is dominated by the edge diffraction, near each tip, is provided by the symmetry between the crack opening displacement for the finite problem with respect to angle of incidences Θ and π − Θ. A graphical demonstration of the finite section method shows that the crack opening displacement for the finite crack problem approximates that for the semiinfinite crack in 2 (or vice versa). Since ω 2 is small, the contribution of the weight, mentioned briefly in this paper (with details provided in [46] ) when Θ ∈ [ 1 2 π, π], is neglected here. In Fig. 5.9 , as a measure of deviation between the crack opening displacement of the finite crack problem (v (N) ) and that of the semi-infinite crack problem (v (∞) ), wave varies continuously between 0 and ω max > 2. Indeed, the dependence of ω max on Θ is analogous to the issue of admissible Θ for ω > 2 in [43] . Note that ω = 2 ∈ S e is an exceptional frequency and demonstrates an anomalous peak in Fig. 5.10 .
For small values of the frequency, due to the interference with waves diffracted from the other tip, the exact expression of the crack opening displacement for the finite crack in lattice differs significantly from that for the semi-infinite crack. The accuracy of the approximation increases with an increase in the crack length N and the frequency of the incident wave. Additionally, it is observed that there is also a prominent dependence of the same on the angle of incidence (see also Fig. 7 of [46] for similar behavior). The graphical results are a testimony to the rigorous result established earlier. However, the glaring dependence on Θ is an interesting aspect of the results shown in Fig. 5.9 and may have consequences that are relevant in the numerical methods for solving diffraction problems.
6. Conclusion. The diffraction of lattice waves by a crack in square lattice has been discussed; extending the analysis presented in [43] . The rigorous results that have been established include: the existence and uniqueness of the semi-infinite crack diffraction problem in 2 , the approximation theorem for the displacement field due to diffraction, near a tip of finite crack, by its counterpart for a semi-infinite crack (or vice versa), and the continuum limit of the semi-infinite crack diffraction a c c e p t e d m a n u s c r i p t problem using certain discrete Sobolev norm. In the paper, it is shown that the first result follows from the application of Krein conditions. The second result is based on the finite section method in the theory of Toeplitz operators on 2 . The numerical calculations, that appear later in the paper, also show that the accuracy of the finite section approximation increases with an increase in crack length. At sufficiently large frequency in pass band, the crack opening displacement for semi-infinite crack in lattice coincides with that for finite crack except at lattice sites in the vicinity of the other tip. Thus, the closed form expression for displacement of particles ahead of the semi-infinite crack, as well as on the crack face, also become pertinent in the context of finite crack; the same has been illustrated graphically. Although the low frequency asymptotic approximation is already stated in §4 of [43] , it is justified by a rigorous continuum limit in this paper. An explicit asymptotic calculation demonstrates the classical edge singularity that characterizes the continuum limit of normalized shear force in 'vertical' bonds ahead of the crack tip. Also by graphical illustrations for low a c c e p t e d m a n u s c r i p t values of frequency, it is demonstrated that the normalized shear force in 'horizontal' bonds, along the crack face, approaches its stress equivalent in continuum model. As the frequency increases, with additional stronger dependence on the angle of incidence, due to the effect of discreteness and anisotropy inherent in square lattice model, the discrete result deviates.
An application, and an extension, of the analysis presented in this paper, and [43] , to the problem of a semi-infinite rigid constraint on square lattice [44, 46] , and to the discrete Sommerfeld problems on triangular and hexagonal lattices shall appear elsewhere (e.g. [45] ). Various other physical implications of these results in the mechanics of fracture shall be discussed in future.
Appendix A. Semi-Infinite crack in continuum model. The polar coordinates (r, θ) are related to the parabolic coordinates (ξ, η) by ξ = (2r) 
which is an expression of Sommerfeld's solution [50] in parabolic coordinates (ξ, η) using Weber's functions of the first kind, D n , and of the second kind, D −n−1 for n ∈ Z + . See [35, 17, 54] for the related definitions involved. The solution (A.1) has been also given for acoustic or electromagnetic waves by [29] and [12] . The nonvanishing stress adjacent to the crack is τ ξz (ξ, 0) = τ xz (ξ, 0). In front of the crack (y = 0, x < 0 or ξ = 0), τ ξz (0, η) = τ yz (0, η), τ ηz (0, η) = −τ xz (0, η) (see [54] for details). In particular, the stress, τ ξz , near the front of the crack is singular and is of the order 1/(kr) Appendix B. Some definitions and expressions from [43] . Following [43] , the complex functions H and R are defined by H (z) := 2−z−z −1 −ω 2 , R (z) := H (z)+ 4, z ∈ C, respectively. Note that both functions, H and R , are analytic on the annulus A L defined by A L := {z ∈ C : R L < |z| < R r (z) , h(z) := H (z), r (z) := R (z), z ∈ C \ B, and B denotes the union of branch cuts, borne out of the chosen branch for h and r such that |(r (z) − h(z))/(r (z) + h(z))| ≤ 1, z ∈ C \ B . The multiplicative factorization of L is given explicitly [48, 49] 
with C L = (z r /z h ) 1 4 ∈ C. The right hand side in the Wiener-Hopf equation (found in [43] ) is C = C + + C − for z ∈ A = {z ∈ C : e − κ2 < |z| < e κ2 cos Θ } ∩ A L , where (C.
3)
The total displacement of 'horizontal' bonds on the crack face Σ in the shadow region, at y = −1 behind the crack tip, is given by an analogous expression. 
and, by a similar argument, u H s (R) ≤ C u s . For s < 0 also, it can be shown that u a c c e p t e d m a n u s c r i p t
